LETTERS TO THE EDITOR

To the editor:

The interesting article on bubble formation
at vibrated orifices by Barker and de Nevers
[AICKE ]., 30, 37 (1984)] prompts some
comments, as follows:

Description of bubble formation at up-
ward-facing circular orifices usually distin-
guishes between three regimes, vide Cliff et
al. (1978):

(a) low gas flowrates, with surface tension
and gravity effects dominant;

(b) liquid viscosity and gravity effects
dominant, intermediate gas flowrates;

(c) high gas flowrates, with inertia and
gravity effects dominant.

In general terms, the relations between
bubble volume Vg, gas flow rate V and
gravity acceleration g are:
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Vibration introduces additional forces, with
amplitude a, angular frequency €2, acceler-
ation due to vibration is a Q2 cos(£2¢). Bubble
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When bubble formation frequency ¢ equals
vibration frequency f = Q/2,
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Using eqs (1.a, b, ¢) and (2),
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For the experimental conditions given in
Barker and de Nevers’ TABLE 1 (1984), re-
gime (a) probably applies. The Rg values
shown in Figure 4, of that work follow the
trend of eq’s (3) when f >> ¢, and are covered
by the range of eq’s (6) when f = ¢ consid-
ering the data shown in TABLE 1.

A more detailed list of data than those
shown by Baker and de Nevers (1984) is de-
sirable, i.e. the values of amplitude,
frequencies, flowrate, orifice diameter and
fluid properties for each of the experimental
points should be shown; also what happened
at (a$22/g) values greater than about 1.5?

With regard to consideration of industrial
apparatus, the orifice velocities used, i.e. up
to 0.06 ms—! on the basis of given flowrates
{TABLE 1) are two orders of magnitude
smaller than those used in industrial sieve
trays. Are there any data regarding the effect
of vibration on fluid behavior on such
trays?

NOTATION:
a = amplitude of vibration L
f = vibration frequency ¢!
g = gravity acceleration, Lt 2
K, = constant for system L # —2
Kp = constant for system L1-5;~0.75
K, = constant for system
Re = volume of bubble with vibration
B =
volume of bubble without vibration
Vg = volume of bubble, L3
\% = gas flowrate, L3t 1

Greek Letters

¢ = bubble formation frequency, t !
Q = angular velocity, rad. ¢!
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Reply:

We thank Professor Lehrer for his com-
ments.

Unfortunately, his letter is entirely based
on a miscommunication between our paper
and him about the region of bubble behavior
treated in the paper. The title of the paper
makes clear that the paper is about the
.. .Medium-Chamber-Volume Region”.
The first reference in the paper is to Park et
al. (1977), and says “This entire paper con-
cerns the ‘medium chamber region’ as they
defined this term.” Professor Lehrer’s entire
comment is directed toward expected results
in the “small-chamber-region™ as defined by
Park et al.

Perhaps other readers may also not have
noticed the words “medium chamber” in the
title of our paper nor the above sentence
showing what those words meant. So it may
be appropriate to illustrate some of the dif-
ferences between these two regions. As Pro-
fessor Lehrer points out, in the small chamber
region (for the non-vibrated case), the bubble
volume is independent of chamber volume
and depends on the acceleration of gravity to
the minus 1, minus 3, or minus 3% power,
depending on gas flow rates and liquid vis-
cosity. In contrast, as shown both theoretically
and experimentally by Park et al. for the
non-vibrated case, in the medium chamber
region, the bubble volume is independent of
gravity and is linearly proportional to the
chamber volume.

To illustrate how this difference carries
over when we add vibrations to the list of
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independent variables, Professor Lehrer
correctly shows that in the small chamber
region, we would expect the bubble to release
when the buoyant force is largest—at the
bottom of the vibratory cycle. In contrast, as
our paper shows theoretically and experi-
mentally (see figure 7), in the medium
chamber region with sinusoidal vibrations
bubble release occurs when the liquid pres-
sure is lowest, which happens to be the time
when the buoyant force is smallest—at the
top of the vibratory cycle.

In a previous paper (Barker and de Nevers
1982), we show the theoretical and experi-
mental results for a vibrated system in the
region corresponding to Professor Lehrer’s
“region a” and his equations 1.a and 3.a. In
order to observe this region experimentally
in a vibrated situation, it is necessary to take
strenuous measures to guarantee that there
is a constant gas flow rate to the bubble-
forming orifice, with negligible chamber
volume between the device which produces
that constant gas flow and the bubble-form-
ing orifice. In effect, the small-chamber-
volume region must become a zero-cham-
ber-volume region. The experimental results
doindeed agree with his equation 3.a (which
is the ratio of equations 1 and 2 of our previ-
ous paper) for high Reynolds numbers. For
low Reynolds numbers, the experimental
results are quite different. In the work re-
ported in our previous paper, we did not ex-
plore the regions corresponding to his regions
bandc.

We agree with Professor Lehrer that a
more detailed listing of the experimental
conditions is desirable. That listing is given
in Craig Barker’s Ph.D. Thesis from the De-
partment of Chemical Engineering at the
University of Utah, which is available
through University Microfilms, Ann Arbor,
Michigan and is listed as a reference in our
paper.

We agree with Professor Lehrer that the
velocities are smaller than those normally
encountered in sieve trays. We do not have
nor do we present data at velocities higher
than are shown in the paper and in Barker's
thesis.

We would like to use this opportunity to
again notify readers that the senior author of
the paper is Craig T. Barker. His name was
misprinted as Baker in the article.*

Noel de Nevers

Craig T. Barker

The University of Utah

Dept. of Chemical Engineering
Salt Lake City, UT 84112

* See Erratum AICKE J. 30, 528 (1984).
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TABLE 1

I+ DVCFR COLSYS

Chang Lakshmanan

1.0 0.275852(-1) 0.275852(—1)
01 0211184(—1) 0.211184(-1)
0.01 0.215370(—1) 0.215364(—1)

To the Editor:

A problem of increasing importance is that
of determining the effectiveness factor for
the Michaelis-Menten-type kinetics with high
Thiele moduli, the governing equation for
which is:

s ly'Y = ¢%y/(B+y)
subject to the boundary conditions
y'(0)=0, y'(1)=Sh{l —y(1)},

where ¢ is the Thiele modulus; Sh is the
Sherwood number; § is a reaction rate pa-
rameter; and s is a geometric factor, with s =
1,2,3, for rectangular, cylindrical, spherical
geometries, respectively, and the prime de-
notes differentiation with respect to x. For
the solution of this problem, Chang (1982)
and Lakshmanan (1983) recently discussed
in this journal two methods, neither of which
is widely applicable nor implemented in a
user-oriented, general—or even special—
purpose software package. (See also Ghim
and Chang, 1983.)

The purpose of this letter is to draw at-
tention to two widely available, robust, gen-
eral purpose software packages for the solu-
tion of boundary value problems for ordinary
differential equations (BVODE’s). The use
of these in various areas of engineering has
resulted in the solution of problems that were
difficult and/or costly to solve, if not in-
tractable, using old methods, and has in
general removed a great deal of the guess-
work from the problem of solving
BVODE?s.

The first of these packages, COLSYS
(Ascher et al, 198lab), implements the
method of spline collocation at Gaussian
points. In this code, the desired solution is
approximated by piecewise polynomials
represented in terms of a B-spline basis and
the problem is solved on a sequence of meshes
until a user-specified set of tolerances is sat-
isfied. The second package, DVCPR (1982),
a modified version of DD04AD (1978) and
the latest version of the code PASVA3 (Per-
eyra, 1979), implements a variable-order fi-
nite difference method based on the trape-
zoidal rule with deferred corrections.

In contrast to COLSYS, DVCPR requires
that the problem be formulated as a first-
order system. Also the same tolerance is im-
posed on all components of the solution,
whereas COLSYS allows the user to specify
a different tolerance for each component of
the solution and, in fact, allows the user to
impose no tolerance at all on some or all of
the components. On successful termination,
each code returns estimates of the errors in
the components of the approximate solu-
tion.

0.275852(—1)
0.211184(-1)
0.215369(—1)

0.275801(—1)
0.211169(—1)
0.215358(—1)

Each of these codes was used to approxi-
mate the desired effectiveness factor from the
formula

n=s(8+ y'(1)/¢>

where the flux y’(1) is determined by the
codes. The results for the case s =3, Sh =
100, ¢ = 100, and different values of 3 are
presented in Table 1, where they are com-
pared with those obtained by Chang (1982)
and Lakshmanan (1983). Chang solved the
problem numerically on the interval [{;1] for
various values of {, and his results given in
Table 1 are those computed with { = 0.9 or
{ = 0.95. Note that these are not the values
used in the comparisons given by Laksh-
manan, who quoted the values computed
with { = 0.99, which are less accurate than
those given in Table 1. In all of the numerical
experiments reported here, a tolerance of
10-3 was used in DVCPR, and, in COLSYS,
imposed on the flux only.

Each code offers the possibility of pro-
viding an initial approximation to the solution
and an initial subdivision of the interval of
definition. The given problem is easier for
higher values of 3; as a consequence, the re-
sults were obtained for a decreasing sequence
of values of 3. An initial guess of zero for both
the concentration and flux (the default in
each code) was used for the value 8 =1, and
the initial mesh supplied to the codes had
points concentrated near the righthand
endpoint, since steep gradients were expected
near the surface of the pellet. Parameter
continuation was then used to generate so-
lutions for the other values of 3; that is, for 2
given value of 3, the initial mesh and ap-
proximation were derived from the approx-
imate solution and final mesh determined
from the previous problem.

Chang (1982) has reported that, for high
Thiele moduli and small values of 3, “the
numerical solution becomes very difficult or
fails.” To demonstrate their effectiveness in
such circumstances, both codes were used to
solve the boundary value problem with ¢ =
1,000. No difficulties were encountered, and
both codes produced identical values for the

effectiveness factor as:

8 1.0 0.1
7 0.543895(—3) 0.318860(—3)
8 0.01

n 0.298956(—3)

The existence of multiple solutions of
BVODE's of this type for certain values of ¢
is well known. For example, Keller (1968)
showed that two solutions exist when the
boundary condition at x = 1 is replaced by
the Dirichlet condition:
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Figure 1. Three solutions to reaction/diffusion
problem for Michaelis-Menten kinetics (Solutions
il and Il are physically impossible).

y(1)=1,

and 8 = 0.1 and ¢ = v/20. The physical so-
lution and the spurious, that is, not physically
meaningful, solution are shown in Figure 1,
labelled I and II, respectively. This problem
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also has a third solution, labelled 111 in Figure
1, which was determined by both COLSYS
and DVCPR, which also reproduced the so-
lutions determined by Keller (1968). To ob-
tain the three solutions, different initial
guesses were used, solutions I and III being
computed from the initial approximations y
=y’ =0,and y =y’ = 1, respectively, while
for solution II the approximations were taken
to be

y=(1—B/¢?x*+ B/¢% y' = —2Bx/¢?,

cf. Keller (1968). For this choice of 8 and ¢,
the Robin problem has also three solutions
that are similar in character to those shown
in Figure 1. In our numerical experiments,
the spurious solution III appeared for values
of ¢ as large as 1,000 in both the Dirichlet
problem and the Robin problem, whereas
solution II could only be determined for ¢ <
15 in the Dirichlet case and ¢ < 10 in the
Robin problem.

The codes COLSYS and DVCPR are
state-of-the-art software packages capable of
handling mixed-order systems of nonlinear
BVODE’s, and as such are valuable tools for
the numerical solution of a wide variety of
problems arising in engineering.

LITERATURE CITED

Ascher, U., J. Christiansen, and R. D. Russell,
“Collocation Software for Boundary Value
ODE'’s,” ACM Trans. Math. Software, 7, 209
(1981a).

, “Algorithm 569. COLSYS: Collocation
Software for Boundary Value ODE’s,” ACM
Trans. Math. Software, 7, 223 (1981b).

DDO04AD, Harwell Subroutine Library, AERE
Harwell, Oxfordshire, England (1978).

DVCPR, IMSL Library Edition 9, IMSL Inc.,
Houston (1982).

Chang, Ho Nam, “Numerical Calculation of Ef-
fectiveness Factors for the Michaelis-Menten
Type Kinetics with High Thiele Moduli,”
AIChE ]., 28,1030 (1982).

Keller, H. B., Numerical Methods for Two-Point
Boundary Value Problems, Blaisdell, Waltham,
MA (1968).

Lakshmanan, C., Letter to the Editor, AIChE .,
29, 876 (1983).

Pereyra, V., “PASVAS3: An adaptive finite differ-
ence Fortran program for first order nonlinear,
ordinary boundary problems,” Codes for
Boundary-Value Problems in Ordinary Dif-
ferential Equations, B. Childs et al., Eds., Lec-
ture Notes in Computer Sci., 76, Springer-Ver-
lag, New York, 67 (1979).

Ghim, Young Sung, and Ho Nam Chang, “Or-
thogonal collocation for the analysis of immo-
bilized enzyme systems,” Comput. Chem. Eng.,
7,195 (1983).

C. P. Kelkar

C. E. Hamrin, Jr.

Dept. of Chemical Engineering
and

G. Fairweather

Dept. of Mathematics

and Engineering Mechanics
University of Kentucky
Lexington, KY 40506

February, 1985 Page 349



